Abstract. The authors continue the study of regularity properties for solutions of elliptic systems started in [8] showing local differentiability for divergence form elliptic systems using techniques considered by Marino and Maugeri [7] .
INTRODUCTION
We investigate the problem of local differentiability for weak solutions u of nonlinear elliptic system of order 2m in divergence form
About the differentiability if Ω ⊂ R n is a bounded open set, 0 < λ < 1 and u ∈ H m (Ω, R N ) ∩ C m−1,λ (Ω, R N ) is a solution of system (1), we answer to the question of what conditions are required to the vectors a α (x, Du) in order that
The authors consider solutions of class C m−1,λ (Ω, R N ) because, as already known, if we take
it is not possible in general ensure differentiability (2) for nonlinear elliptic systems of order 2 m even if the vectors a α (x, Du) are smooth.
A first answer to the above problem has been given in [1] where the authors prove a result of local differentiability (2) for solutions of nonlinear elliptic systems of order 2m with quadratic growth. The same hypothesis used in [1] are applied to second order (m = 1) nonlinear parabolic systems of variational type by Fattorusso in 1987 in the note [2] and later by Marino and Maugeri in 1995 in [6] to extend the local differentiability by Campanato and Cannarsa from the elliptic case to the parabolic one.
The note extends from second order nonlinear elliptic systems to order 2m the results established by one of the authors in [4] . Similar results concerned with interior differentiability of weak solutions u to nonlinear parabolic systems of second order are obtained at first in [3] , using natural growth and uniformly monotone coefficients instead of quadratic growth. Later, the complete extension of the results contained in [1] is achieved in [7] .
The crucial step in the last mentioned paper by Marino and Maugeri is the use of interpolation estimates of Gagliardo-Nirenberg's type in generalized Sobolev spaces.
Thus we can see that nonlinear systems of second order in divergence form has been extensively studied, much less was depth for order 2m.
Aim of this note is to give an answer to the starting problem using as assumptions that the vectors a α (x, Du), |α| = m, are strictly monotone and endowed of nonlinearity 2. Then we can consider our study as a generalization of the results obtained by Campanato and Cannarsa in [1] by the use of broad assumptions for systems of order 2m and also as an improvement of the outcome by Marino and Maugeri in [7] because they have studied, using assumptions similar to ours, the problem of order 2.
DEFINITIONS, NOTATIONS AND ASSUMPTIONS Definitions
Let Ω be an open bounded set in R n , n ≥ 2, having diameter d Ω and boundary ∂ Ω, x = (x 1 , x 2 , . . . , x n ) denotes a generic point therein.
Definition 1 We say weak solution of the system
Let Ω be an open bounded set in R n , ϑ ∈ (0, 1), p ∈ [1, +∞[ and N a positive integer.
Definition 2 We say that a function u defined in
Definition 3 If k is a nonnegative integer, we mean for
We stress that H k+ϑ ,p (Ω, R N ) is a Banach space equipped with the following norm
Notations
Let us set m, N positive integers, α = (α 1 , . . . , α n ) a multi-index and |α| = α 1 + . . . + α n the order of α. We denote by R the cartesian product
and
We consider, as usual,
Assumptions
Let us consider in (1 ) the functions a α (x, p) = a α (x, p , p ) defined in Λ = Ω × R with values in R N , satisfying the following conditions:
(4) for every α and for every p ∈ R, the function x −→ a α (x, p), defined in Ω having values in R N , is measurable in x;
where f α ∈ L 1 (Ω); (7) for every x ∈ Ω, ∀y ∈ Q x, 1 √ n d x , ∀p , q ∈ R , where p , q ≤ K and for every p ∈ R , we have:
where every (x, p ) ∈ Ω × R , the functions p −→ a α (x, p , p ), |α| = m, are strictly monotone with non-linearity q = 2, so that there exists two positive constants M(K) and ν(K) such that ∀(x, p ) ∈ Ω × R , with p ≤ K, and ∀p , q ∈ R , we obtain:
RESULTS
Let us now state the local fractional differentiability results (see [5] ).
is a weak solution of the system (1), are verified the hypothesis (4), (5), (7), (8) and the condition (
Moreover, for every cube Q(σ ) ⊂⊂ Q(σ 0 ) ⊂⊂ Ω, we have
where
Let us now apply the previous local differentiability property in H m+ϑ (Ω, R N ), 0 < ϑ < 1 to reach the main objective of this note. 
and, for every cube Q(4σ ) ⊂⊂ Ω, is true the following inequality 
where K = sup .
